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Classical reversible cellular automata (CAs), which describe the discrete-time dynamics of classical
degrees of freedom in a finite state-space, can exhibit exact, nonthermal quantum eigenstates despite
being classically chaotic. We show that families of periodically-driven (Floquet) quantum dynamics
that include a classical CA in a special limit retain certain nonthermal eigenstates of the CA. These
dynamics are nonergodic in the sense that certain product states on a periodic classical orbit fail
to thermalize, while generic initial states thermalize as expected in a quantum chaotic system. We
demonstrate that some signatures of these effects can be probed in quantum simulators based on
Rydberg atoms in the blockade regime. These results establish classical CAs as parent models for a
class of quantum chaotic systems with rare nonthermal eigenstates.
Quantum many-body systems can support a rich va-
riety of dynamical regimes. In interacting many-body
systems obeying the eigenstate thermalization hypothe-
sis (ETH), unitary dynamics from a generic initial state
leads to long-time steady states that are locally indis-
tinguishable from thermal states [1–4]. Thermalization
can be arrested altogether in the presence of strong dis-
order [5–9] or substantially slowed in the absence of dis-
order due to the existence of rare eigenstates that fail
to exhibit thermal properties vis-a`-vis the ETH [10–17].
While many examples of such systems are known to exist,
finding general criteria that determine whether a given
class of many-body systems exhibits nonthermalizing dy-
namics remains an outstanding challenge.
Nonthermal quantum states also naturally arise as
eigenstates of classical, reversible cellular automata
(CAs), which describe the discrete-time evolution of
classical degrees of freedom in a finite state-space.
A reversible CA can equivalently be thought of as
a periodically-driven (or “Floquet”) quantum system
evolving under repeated application of a unitary Floquet
operator Uaut that generates no entanglement in a certain
basis of product states, which we refer to as the compu-
tational basis (CB) [18, 19]. In a finite system, every
CB product state |ψ〉 thus has an exact recurrence under
Uaut so that U
`
aut |ψ〉 = |ψ〉 for some `. Eigenstates of
Uaut can be constructed by taking superpositions of the
product states in such a closed “orbit” of CB states.
These unique properties of CAs can be used to make
precise statements about eigenstate properties. For ex-
ample, the orbit length ` of an eigenstate of Uaut upper-
bounds the entanglement entropy SA of any subsystem A
as SA . ln ` [18, 20]. In chaotic cellular automata defined
on a 1D lattice with L sites, typical orbits have ` ∼ ecL,
so this bound is consistent with typical eigenstates hav-
ing volume-law entanglement, similar to what is found
in Floquet systems obeying the ETH [21–24]. However,
even chaotic automata can have rare “short” orbits for
which ` is independent of system size; eigenstates associ-
ated with these orbits must have area-law entanglement,
and dynamics of initial states on these orbits exhibit clas-
sically nonergodic dynamics featuring finite recurrence
times in the thermodynamic limit.
In this work, we consider families of fully quantum-
mechanical Floquet dynamics that generate, at a special
point, the dynamics of a classical CA. These quantum
dynamics preserve certain nonthermal eigenstates of the
classical CA while being otherwise quantum chaotic, re-
vealing a connection between classical and quantum non-
ergodicity. We argue on general grounds that any CA
with short orbits in one spatial dimension can be de-
formed in this manner, giving rise to ergodicity breaking
in the sense of quantum many-body scars (QMBS) [14].
Since nonthermal eigenstates of a CA are simple to find
numerically, our prescription provides a constructive ap-
proach to generating quantum-chaotic Floquet dynamics
wherein certain states fail to thermalize.
Our primary example of such dynamics is an integrable
CA, which we show can be deformed into a nonintegrable
Floquet model with exact area-law-entangled eigenstates
descending from a short CA orbit. We demonstrate that
quantum dynamics proximate to this CA can be realized
using Rydberg-atom quantum simulators [25–27], where
slow quantum dynamics and other signatures of the un-
derlying CA can be observed under quantum quenches
from different initial states. Our results complement
recent studies of QMBS in a different nonequilibrium
regime of the same physical system [14, 28–32], where
slow dynamics arise by a different (incompletely under-
stood) mechanism. Moreover, this work is distinct from
recent examples of QMBS in Floquet systems [33–37] in
that it provides a recipe for weak ergodicity breaking that
can be applied in various physical contexts.
Nonergodic Quantum Dynamics and Classical
Automata: Families of Floquet quantum dynamics that
include a classical CA as a special case can exhibit non-
ergodic behavior. Consider the Floquet unitary operator
Uaut that describes the evolution of a classical CA. Any
eigenstate of Uaut can be constructed by following the
classical orbit of a CB product state |ψ〉 as:
|ε`,p;ψ〉 = 1√
`
`−1∑
k=0
ei ε`,pk Ukaut |ψ〉 , (1)
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2where ε`,p = 2pip/` (p = 0, . . . , `−1) is the quasienergy of
the state |ε`,p;ψ〉 associated with its eigenphase e−iε`,p ,
and ` is the length of |ψ〉’s orbit under Uaut.
A family of nonergodic quantum dynamics containing
Uaut arises from the fact that there is a large family of
nonintegrable deformations of Uaut that preserve certain
short-orbit eigenstates as exact eigenstates. Since the
short-orbit eigenstates have a constant entanglement en-
tropy, they are guaranteed to be eigenstates of some lo-
cal Hamiltonian H. For 1D CAs, this Hamiltonian can
be obtained, e.g., using the parent [38–40] or uncle [41]
Hamiltonian construction for matrix product states with
finite bond dimension. The existence of a local parent
Hamiltonian H implies that short-orbit eigenstates are
exact low-entanglement eigenstates of the deformed Flo-
quet unitary U ≡ exp(−iλH)Uaut for arbitrary λ, even
though this unitary operator generically generates non-
integrable quantum dynamics that do not admit an au-
tomaton description. As a corollary, the quantum dy-
namics under U of a CB state belonging to the short
orbit is restricted to a dimension-` subspace of the full
Hilbert space, precluding the possibility of reaching a
true infinite-temperature state. The mechanism dis-
cussed here is generic and applies to any CA with short
orbits, for which these states are locally identifiable.
An illuminating example of this mechanism is provided
by the PXP automaton, which is defined on a spin-1/2
chain with the Floquet unitary
Uaut =
∏
j odd
e−i
pi
2 (PXP )j
∏
j even
e−i
pi
2 (PXP )j , (2)
where (PXP )j = Pj−1XjPj+1, Pj = (1 − Zj)/2 is a
local projector onto spin-down, and Xj , Zj are Pauli op-
erators on site j. The classical update rule of this CA
follows from the identity e±i
pi
2 (PXP )j = Toffolij(±pi/2)
where Toffolij(φ) ≡ 1−Pj−1Pj+1 +eiφ (PXP )j flips spin
j only if its neighbors are pointing down. This CA has
a number of notable features. First, it can be realized
approximately using periodically driven arrays of Ryd-
berg atoms, as we discuss below. Second, Uaut conserves
the number of nearest-neighbor pairs of up spins; we may
thus restrict our analysis to the sector of the Hilbert space
with no such pairs, known as the “Fibonacci subspace,”
whose dimension grows like ϕL where ϕ ≡ (1 +√5)/2 is
the Golden Ratio. Third, as we discuss in the Supple-
mentary Material (SM) [42], the PXP automaton is inte-
grable within the Fibonacci subspace, and its dynamics
can be described in terms of interacting chiral quasipar-
ticles. Finally, Uaut cannot be recast in the form e
−iHeffT
for a local Hermitian Heff , as can be seen by applying
the Baker-Campbell-Hausdorff formula to Eq. (2). The
PXP automaton thus provides an example of a Floquet
system without a static analog.
The PXP automaton (2) supports several short orbits
with constant length. Of these, we will focus primarily
on the ` = 3 “vacuum orbit,” which is defined for even L
as |Ω〉 → |Z22〉 → |Z12〉 → |Ω〉 (up to global phase factors),
where the vacuum state |Ω〉 = |0 . . . 0〉 in the occupation
(a)
FIG. 1. Weak ergodicity breaking in a nonintegrable defor-
mation (3) of the PXP automaton (2). Data are from ED
at L = 24 in the zero momentum sector of the Fibonacci
subspace (8680 states), with λ = 0.645pi/4. (a) Distribution
of the ratio r of consecutive quasienergy spacings. The dis-
tribution fits the COE of random matrix theory, for which
〈r〉 = 0.5269 [22]. (b) Vacuum automaton orbit weight as a
function of quasienergy. Three eigenstates confined to this
automaton orbit appear at quasienergies 0,±2pi/3.
number basis nj = (1 + Zj)/2, while the two Ne´el states
|Z12〉 = |10 . . .〉 and |Z22〉 = |01 . . .〉. Chiral quasiparticles
in the PXP automaton are realized as domain walls be-
tween configurations in this orbit, hence its designation
as a “vacuum.” We now deform the PXP automaton to
a new Floquet unitary U = U ′ Uaut, where U ′ is any
locality-preserving unitary operator that does not mix
the vacuum subspace {|Ω〉 , |Z12〉 , |Z22〉} with other states
in the Hilbert space. An example is given by the Hamil-
tonian evolution operator
U ′=exp[−iλ
∑
j
(−1)jPj−1(XjXj+1+YjYj+1)Pj+2]. (3)
U ′ acts trivially on any state in the vacuum sector and
hence preserves the area-law entangled automaton eigen-
states |ε3,p; Ω〉 [see Eq. (1)] with quasienergy 0,±2pi/3
and the associated threefold-periodic dynamics of CB
states in the vacuum sector.
Despite acting simply within the vacuum subspace,
the deformed unitary U ′ Uaut has a complicated action
on other CB states and generates nonintegrable dynam-
ics for generic λ. This is consistent with numerical data
from exact diagonalization (ED) in Fig. 1(a), which plots
the distribution of the ratio of consecutive quasienergy
level spacings [7, 22]. The data fit well to random-
matrix-theory predictions based on the circular orthog-
onal ensemble (COE) [43], a strong indicator of nonin-
tegrability. Nevertheless, as shown in Fig. 1(b), there
are three eigenstates in the spectrum with unit weight
on the vacuum subspace, as measured by the projector
Pvac =
∑2
k=0 U
k
aut |Ω〉 〈Ω| (U†aut)k, confirming the pres-
ence of area-law eigenstates in a nonintegrable Floquet
system. This finding strongly contradicts the ETH pre-
diction that all eigenstates are volume-law entangled ow-
ing to the nonconservation of energy and consequent lack
3(a)
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FIG. 2. Quantum dynamics of three different initial states (a)–(c) under the Ising Hamiltonian (4) at L = 14 (OBC) with
h0T = pi and V1 = 12h0, keeping interactions Vr = V1/(r)
6 for r = 1, 2, 3. Top panels show dynamics of the local occupation
number nj ; bottom panels show dynamics of the autocorrelator C(t) and the orbit weight W(t) (see text for definitions), and
insets show dynamics of the entanglement entropy SA for half of the chain in units of SP = (L/2) ln 2− 1/2.
of a well-defined ground state.
We note in passing that the above construction does
not rely on the integrability of the PXP automaton, only
on the fact that it has short orbits. Similar construc-
tions can thus be applied to nonintegrable CAs as well,
yielding atypical low-entanglement eigenstates for defor-
mations away from the automaton limit. We do this for
a particular nonintegrable CA in the SM [42].
The above discussion demonstrates that quantum de-
formations of CAs serve as a paradigmatic source of atyp-
ical low-entanglement eigenstates and weakly nonergodic
quantum dynamics. Although there can be many such
deformations for a given CA, they must be chosen to
preserve a short-orbit subspace, making them somewhat
fine-tuned (albeit less so than the underlying CA). In the
SM [42], we argue by generalizing the results of Ref. [44]
for static Hamiltonians that the thermalization time for
a generic local deformation e−iλHUaut of a 1D CA with
λ 1 can be bounded from below by t∗ ∼ λ−1/2. Thus,
the thermalization time can be made parametrically large
for sufficiently small perturbations.
Emergent Automaton Dynamics with Rydberg
Atoms: We now provide a specific example of how to
realize quantum dynamics near a CA and see evidence of
slow thermalization and atypical eigenstates in a labora-
tory setting. The PXP automaton (2) naturally arises in
a limit of driven dynamics using Rydberg states (see also
Ref. [45]). We consider a Rydberg-atom quantum sim-
ulator like that of Ref. [25], which realizes a long-range
quantum Ising model,
H(t) =
∑
i<j
Vi,j ni nj +
∑
i
hi(t)Xi. (4)
The long-ranged repulsive coupling Vi,j ∼ |i− j|−6 arises
due to Van der Waals interactions between excited atoms;
we label interaction terms by their range as Vr = Vi,i+r.
The transverse field hi is proportional to the Rabi fre-
quency of a pump pulse that drives atoms between their
ground and excited Rydberg states. We now consider the
spatially modulated square-wave drive
hj(t) = h0
1 + (−1)j sgn(sinωt)
2
, (5)
with ω = 2pi/T . In the SM [42], we show that in the
presence of only nearest-neighbor interactions (Vj = 0 for
j ≥ 2), and when h0/V1  1, the stroboscopic dynamics
generated by this time-dependent Hamiltonian is given
by a Floquet operator (the “PXP circuit”):
UF(θ) =
∏
j odd
e−i θ (PXP )j
∏
j even
e−i θ (PXP )j , (6)
with θ ≡ h0T/2, so that T
{
exp[−i ∫ nT
0
dtH(t)]
}
=
(UF (θ))
n. We distinguish two limits of interest in Eq. (6).
First, in the limit of a high-frequency drive (θ → 0),
UF can be viewed as a “Trotterization” of the dynamics
generated by HPXP =
∑
j(PXP )j , which feature persis-
tent revivals characteristic of QMBS [28]. Second, when
θ = ±pi/2 mod 2pi, UF is equivalent to the PXP automa-
ton (2). In fact, we show in the SM [42] that, in the
presence of arbitrarily long-ranged Vr ∼ V1/r6, this CA
regime supports a family of automaton dynamics whose
classical update rule conditions a spin flip at site j on the
state of its further neighbors, depending on the interac-
tion strength V1.
Numerical Results: We now numerically study the
dynamics of the time-dependent Hamiltonian (4) near
the automaton point. We use open boundary condi-
tions (OBC) and the realistic interaction strength V1 =
12h0 [25], keeping interactions Vr = V1/r
6 up to r = 3,
4and further set θ = pi/2. Note that, even for θ = pi/2, the
model (4) realizes perturbed automaton dynamics due to
both the presence of V2 = V1/2
6 ≈ 0.2h0 and sublead-
ing corrections to Eq. (6) [42]. Nevertheless, we will find
signatures of both slow dynamics for initial states in the
vacuum orbit and quasiparticles from the underlying CA.
Our numerical results for L = 14 are shown in Fig. 2.
The top panels in Fig. 2 show the dynamics of the lo-
cal occupation number nj at relatively early times for
three initial CB states: the vacuum state |Ω〉 (a), a one-
quasiparticle state (b), and a two-quasiparticle state (c),
which belong to automaton orbits with ` = 3, 3L−7, and
3L−11, respectively. The proximate automaton dynam-
ics is plainly visible in these plots, including the existence
of chiral quasiparticles. Most signatures of quasiparticles
wash out by t ∼ 50T ; however, the dynamics of the short-
orbit initial state |Ω〉 remains coherent at this timescale.
We study longer-time quantum dynamics in the bot-
tom panels of Fig. 2, which show the local spin auto-
correlator C(t) = ∑Li=1〈Zi(t)Zi(0)〉/L, the automaton
orbit weight W(t), and the bipartite entanglement en-
tropy SA(t) for one half of the chain. The autocorre-
lator C(t) measures the average likelihood of a spin to
return to its initial CB state at time t, and shows a
clear dependence on the initial state. The coherent dy-
namics of the vacuum initial state |Ω〉 manifests itself as
period-3 oscillations in C(t), which remain sharply vis-
ible even at t = 200T . Period-3 oscillations are also
visible at early times for the one- and two-quasiparticle
initial states, as much of the system locally resembles
the vacuum, but these decohere by t ∼ 40T . We define
the automaton orbit weight W(t) = 〈Porbit(t)〉, where
Porbit =
∑`−1
k=0 U
k
aut |ψ0〉 〈ψ0| (U†aut)k is the projector onto
the length-` orbit of the state |ψ0〉. W(t) tracks the frac-
tion of the time-evolved state that remains in its original
automaton orbit; we see in Fig. 2 that the vacuum initial
state experiences pronounced revivals in W(t) that co-
incide with periods of enhanced coherence in C(t), while
the other initial states exhibit a fast initial drop in W(t)
followed by gradual decay that persists beyond the times
shown. The insets of these plots show the dynamics of
SA in units of SP = (L/2) ln 2 − 1/2, Page’s result for
a random state of L qubits [46]; the dashed line indi-
cates the Page value for the Fibonacci subspace, which is
approximately closed under the dynamics. We see that
real-space entanglement develops rapidly as expected for
a quantum-chaotic system, although it develops compar-
atively slowly for the vacuum initial state.
The enhanced coherence of the vacuum state’s dy-
namics suggests that the perturbed PXP automaton has
low-entanglement eigenstates descending from the CA
eigenstates |ε3,p; Ω〉 that retain substantial weight on the
` = 3 vacuum orbit, analogous to QMBS states in the
static PXP Hamiltonian HPXP [14, 25]. We now numeri-
cally study these eigenstates of the PXP circuit (6) with
θ = (pi/2)(1 + ) and 0 <  1.
Descendants of the CA eigenstate |ε3,p; Ω〉 are plainly
visible in Fig. 3, which plots the half-chain entanglement
(a)
FIG. 3. Half-chain entanglement entropy as a function of
quasienergy for the PXP circuit (6) with θ = pi/2(1 + ) and
 = 0.01 (a) and 0.1 (b). Data for L = 20, 22, 24 in the
zero-momentum sector of the Fibonacci subspace are shown.
Entanglement outliers associated with the vacuum automaton
orbit are circled in teal.
entropy SA [now in units of SP = (L/2) lnϕ − 1/2 since
we work in the Fibonacci Hilbert space] as a function of
the quasienergy ε for L = 20, 22, 24 and  = 0.01 (a) and
0.1 (b). For  = 0.01, there is a broad distribution of en-
tanglement entropy inherited from that of the proximate
CA. Clear low-entanglement outliers (circled in teal) are
visible near ε = ±2pi/3 (vertical grey lines); we focus on
these eigenstates as the model (6) has a large quasienergy
degeneracy near ε = 0 [47] that complicates the identi-
fication of the eigenstates of interest. The entanglement
outliers near ε = ±2pi/3 persist for much larger values of
, as shown in Fig. 3(b). At  = 0.1, entanglement out-
liers near ε = ±2pi/3 remain prominent [note that  = 0.5
yields the maximum distance from any nongeneric point
in parameter space, see Eq. (6)]. Moreover, an additional
set of slightly higher-entanglement outliers appears near
ε = ±2pi/3; we have verified by calculating 〈Pvac〉 that
these outliers also descend from |ε3,p; Ω〉.
In the SM [42], we analyze the scaling with  and
L of the vacuum orbit weight 〈Pvac〉 and the bipar-
tite entanglement entropy SA for the entanglement out-
lier closest to ε = −2pi/3. We find that, for small ,
〈Pvac〉 ∼ (1 + )−L while SA ∼ L. Both approximate
scaling forms are consistent with these eigenstates resid-
ing in an effective Hilbert space of dimension ∼ (1 + )L.
This effective Hilbert space is exponentially smaller than
the full Hilbert space, confirming the atypical nature of
the entanglement outliers at small epsilon. The small
system sizes accessible to ED lead to uncertainty about
the persistence of these properties as L→∞, similar to
the case of QMBS in the PXP model [28, 31, 44]. Never-
theless, these numerical results show that atypical eigen-
states and weakly nonergodic dynamics can be obtained
by perturbing the PXP automaton without choosing the
perturbation to preserve a particular short orbit.
We have shown that nonthermal eigenstates of classical
CAs can remain as exact eigenstates of Floquet dynam-
ics that exhibit otherwise quantum-chaotic behavior, and
5that certain signatures of this ergodicity-breaking can
emerge in experiments in Rydberg atom quantum sim-
ulators. A number of directions related to these ideas
and their realizations in experiments remain to be ex-
plored. Certain 1D CAs appear to have logarithmic en-
tanglement entropy [18], reminiscent of that of a critical
one-dimensional quantum system, though some of these
states cannot be realized as eigenstates of static Hamil-
tonians (e.g. due to the presence of chiral quasiparticles
in the classical CA dynamics). Signatures of these non-
thermal states in Floquet dynamics that are quantifiably
close to the CA point are not understood. Furthermore,
nonthermal eigenstates in higher-dimensional CAs can
potentially be used to understand dynamics in more ex-
otic constrained quantum systems, some of which can ex-
hibit fractionalization [48]. Finally, connections between
continuous-time quantum dynamics and rare orbits in
continuous, classically chaotic systems deserve greater
study.
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and M. D. Lukin, Phys. Rev. Lett. 85, 2208 (2000). FIG. S1. The dynamics of the computational basis states in
the length-3 orbit of the PXP automaton. Here black and
white regions correspond to occupied and unoccupied sites.
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Appendix A: Quasiparticles in the PXP Automaton
We now study the quasiparticles in the classical PXP
automaton, as defined in the main text. Given the
constant-length orbits formed by the computational ba-
sis (CB) states under the PXP automaton, it is natural
to consider the behavior of quasiparticle states, which
are formed of “domain walls” between different kinds of
states which belong to short orbits.
A simple example is given by the CB states in the
` = 3 orbit, which are |Ω〉, |Z22〉, and |Z12〉. The evolution
of these states under application of the PXP automaton
is shown in Fig. S1 for L = 42 sites, with white and
black regions denoting unoccupied and occupied states
of the sites, respectively. Quasiparticle states are then
formed by juxtaposing these CB states; a simple example
is given in Fig. S2(a), in which the initial state consists
of a region which locally looks like the Ne´el state, and
one that looks like the fully-polarized |Ω〉 state in an
L = 50 site system. For added clarity, the evolution of
the initial state is only shown at every third timestep (i.e.
the dynamics generated by U3aut). It is evident that the
domain walls between two states within this ` = 3 short
orbit propagate as left- and right-moving quasiparticles.
Other quasiparticles can be constructed in a sim-
ilar fashion. Fig. S2(b) shows a chirally propagat-
ing quasiparticle, which is formed from an initial state
|0 . . . 010010 . . . 0〉, which can be thought of as a bound-
state of two of the domain walls that are formed within
the ` = 3 short-orbit CB states. The nontrivial inter-
actions between these quasiparticles are evident in Fig.
S2(c), which shows that certain quasiparticle types can
“change identity” following a scattering event.
Finally, while these examples are very suggestive that
the PXP automaton dynamics are integrable, a more
formal test of the integrability of these dynamics are
given by studying the correlation function G(x, t) ≡
||n1(x, t) − n2(x, t)||, where n1,2(x, 0) are two CB states
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FIG. S2. In (a)-(c) are shown the dynamics of different states formed by juxtaposing states in the ` = 3 vacuum orbit. These
“domain walls” propagate as local quasiparticles. In all three figures, and for simplicity of presentation, the dynamics generated
by the PXP automaton are shown at three-timestep intervals. Certain quasiparticles, such as the one in (b) propagate chirally.
The classical chaos diagnostic G(x, t) ≡ ||n1(x, t) − n2(x, t)|| is plotted in (d) for an L = 42 site system, as described in the
text. This correlator remains spatially-localized at all times, indicating that the dynamics are integrable.
in the Fibonacci subspace that initially only differ locally.
Integrability may be diagnosed by the fact that this cor-
relation function remains localized in space as it evolves
[49], as is evident in the plot of G(x, t) in Fig. S2(d).
Here, two states are chosen which are identical away from
the origin. Near the origin, the two states differ at two
sites; the first state is given by |· · · 000010000 · · ·〉, while
the second state is given by |· · · 001010100 · · ·〉.
Appendix B: Example of a Nonintegrable
Automaton with Short Orbits
In this Appendix we provide an example of a non-
integrable CA with short orbits and demonstrate that
the deformation procedure outlined in the main text can
be used to obtain nonintegrable quantum dynamics that
preserves one of these orbits. The CA we consider is
defined by the Floquet unitary
Uaut = U1(pi)U3(pi)U2(pi)U
PXP
aut , (B1)
where UPXPaut is the Floquet unitary for the PXP automa-
ton (2) and
Un(θ) = exp
[
− iθ
L/3−1∑
j=0
P3j+n−1
(
X3j+nX3j+n+1 + Y3j+nY3j+n+1
)
P3j+n+2
]
(B2)
for n = 1, 2, 3. We take L = 0 mod 6 and periodic
boundary conditions for simplicity.
One way to verify that Eq. (B1) defines a (classically)
nonintegrable automaton evolution is by considering the
scaling with L of a typical orbit length. In Fig. S3(a),
we see that both the average and maximum orbit lengths
scale exponentially with system size. Moreover, calculat-
ing the chaos diagnostic G(x, t) ≡ ||n1(x, t) − n2(x, t)||
introduced in Appendix A, as shown in Fig. S4, confirms
the classically chaotic nature of these CA dynamics. De-
spite this, the graphical representation of the action of
Uaut on the CB in Fig. S3(b) reveals the presence of short
orbits. Indeed, one of these orbits is the vacuum orbit
of UPXPaut , which is the focus of the main text. We can
deduce the existence of this orbit for Eq. (B1) by noting
that the unitaries Un(θ) defined in Eq. (B2) act triv-
ially on the vacuum subspace {|Ω〉 , |Z12〉 , |Z22〉}, as their
Hermitian generators annihilate the CB states spanning
it. (This reasoning also underlies our choice of the op-
erator U ′ in the main text.) Another short orbit under
this automaton is the ` = 1 orbit consisting of the state
|Z56〉 = |000010 . . .〉.
We can now provide a deformation of the noninte-
grable automaton Uaut that preserves the vacuum or-
bit while otherwise destroying the automaton dynamics.
The choice of deformation is clear given the fact that
Un(θ) preserve the vacuum subspace for any θ:
U(θ) = U1(θ)U3(θ)U2(θ)U
PXP
aut . (B3)
Like the deformed automaton considered in the main
text, the Floquet unitary U(θ) exhibits nonintegrable
quantum dynamics but retains threefold periodic dynam-
ics for CB initial states in the vacuum sector, as well as
the associated low-entanglement automaton eigenstates.
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FIG. S3. Classical orbits in the nonintegrable automa-
ton (B1). (a) Semilog plot of average and maximum orbit
lengths as a function of L. Clear exponential scaling, a signa-
ture of classical chaos, is visible. (b) Graphical visualization
of the action of the nonintegrable automaton (B1) on CB
states. Orbits of various lengths are visible, including short
orbits with ` = 1 and ` = 3, discussed in this Appendix.
We can also deform Uaut in a manner that preserves both
the vacuum orbit and the CB state |Z56〉 = |000010 . . .〉,
which forms its own ` = 1 orbit. This is achieved by the
Floquet operator U = U ′ Uaut with
U ′ = exp[−iλ
∑
j
Pj−1(XjXj+5+YjYj+5)Pj+6]. (B4)
We thus see that a given automaton can be deformed in
various ways to preserve different short orbits and com-
binations thereof, even when the underlying automaton
is nonintegrable.
Appendix C: Bound on Thermalization Timescale
for a Generic Local Perturbation
Let Uaut be a Floquet unitary acting on a 1D chain
that generates automaton dynamics, and consider the
perturbed unitary U = e−i λH Uaut, where 0 < λ  1
and H is a local Hamiltonian. We would like to bound
the time scale t∗ beyond which the atypical features of
a short-orbit eigenstate |ε〉 of Uaut are destroyed by the
perturbation. To do this, we generalize an argument due
to Lin et al. [44], who derived a bound for the rate of
change of a local operator under continuous-time Hamil-
tonian dynamics. Our generalization applies similar rea-
soning to discrete-time dynamics.
We first define a local figure of merit for the atypi-
cal features of the short-orbit automaton eigenstate |ε〉.
Let O be a local operator such that 〈ε| O |ε〉 differs
from the infinite-temperature thermal expectation value
〈O〉∞ = (trHO)/D, where D is the dimension of the
Hilbert space H. Such an operator is guaranteed to exist
for any |ε〉: since |ε〉 is a short-orbit automaton eigenstate
and therefore has constant entanglement entropy, it can
be expressed as a finite-bond-dimension matrix product
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FIG. S4. A plot of the classical chaos diagnostic G(x, t)
for the CA dynamics defined by Eq. (B1). The two initial
states n1(x, 0) and n2(x, 0) are the chosen to be identical away
from the origin. Near the origin, however, the two states dif-
fer; the first state is initially given by |· · · 000010000 · · ·〉 and
the second is |· · · 001010100 · · ·〉. The growth of G(x, t) =
||n1(x, t) − n2(x, t)|| for a particular choice of these states is
shown in the top figure. This correlation function, averaged
over 103 choices of the initial states away from the origin, is
shown in the bottom figure. In both cases, the spatial growth
of G(x, t) in time provides a signature of the classically chaotic
nature of these dynamics.
state. Since such states are generically frustration-free
eigenstates of a local Hamiltonian [38–41], one can always
find a local operator O for which | 〈ε| O |ε〉 | is a number
of order one, using, e.g., any of the local projectors en-
tering the state’s parent Hamiltonian. As an example,
for |ε〉 = |ε3,p; Ω〉, any of the vacuum-orbit eigenstates of
the PXP automaton (2), the operator O = ZiZi+1 has
〈ε| O |ε〉 = −1/3, while 〈O〉∞ = 2/
√
5 − 1 ≈ −0.11 for
the Fibonacci Hilbert space in the limit L→∞ [47].
We now wish to provide a bound on the quantity
|δO(t)| = | 〈ε| O(t) |ε〉 − 〈ε| O |ε〉 |
= | 〈ε| (U†)tOU t |ε〉 − 〈ε| O |ε〉 |. (C1)
For a Floquet operator of the form U = e−i λH Uaut with
λ 1, we have
〈ε| O(t+ 1) |ε〉 = 〈ε|U†O(t)U |ε〉
≈ 〈ε| O(t) |ε〉+ iλ 〈ε| [H,O(t)] |ε〉 , (C2)
to leading order in λ, where we used the fact that |ε〉 is
an eigenstate of the unitary operator Uaut. Applying this
formula recursively down to t = 0 gives
〈ε| O(t) |ε〉 = 〈ε| O |ε〉+ iλ
t−1∑
k=0
〈ε| [H,O(k)] |ε〉 , (C3)
9which leads to
|δO(t)| ≈ λ
∣∣∣ t−1∑
k=0
〈ε| [H,O(k)] |ε〉
∣∣∣
≤ λ
t−1∑
k=0
| 〈ε| [H,O(k)] |ε〉 |.
(C4)
We can now use the fact that O(k) is a local operator
evolved by the finite-depth local quantum circuit Uk, and
hence the support of O(k) must lie within a “light cone”
whose size scales as k. Since H is a local Hamiltonian,
this implies the bound
| 〈ε| [H,O(k)] |ε〉 | ≤ c0,k + c1,k k, (C5)
where c0,k and c1,k are order-one constants. Then we can
bound the sum in Eq. (C4) as
t−1∑
k=0
| 〈ε| [H,O(k)] |ε〉 | ≤
t−1∑
k=0
(c0,k + c1,k k)
≤ c0 t+ c1
t−1∑
k=0
k
= c0 t+ c1
t(t− 1)
2
,
(C6)
where c0 = maxk c0,k and c1 = maxk c1,k. We thus arrive
at the bound
|δO(t)| ≤ λ (c′0 t+ c′1 t2), (C7)
where c′0 = c0 − c1/2 and c′1 = c1/2. The above bound
implies that |δO(t)| does not become of order one before a
time t∗ ∼ λ−1/2. Thus, the time scale for the relaxation
of O to its infinite-temperature value is bounded from
below by t∗, which becomes arbitrarily large as λ is made
arbitrarily small.
The above result is in agreement with that of Ref. [44],
which applies to continuous-time Hamiltonian dynam-
ics. Our result can be generalized to d spatial di-
mensions along the lines of Ref. [44], which finds that
t∗ ∼ λ−1/(d+1). This is because the volume of the light
cone in Eq. (C5) scales like kd in d dimensions. Then∑t−1
k=0 k
d in the generalization of Eq. (C6) can be evalu-
ated using Faulhaber’s formula to obtain a degree-(d+1)
polynomial in t.
Finally, we note that the lower bound on the thermal-
ization time scale presented here is likely quite loose, as
it does not take into account any structure in the per-
turbation H beyond spatial locality. For example, the
thermalization time scale evident in Fig. 2(a) in the main
text is much larger than the prediction t∗ ∼ λ−1/2.
Appendix D: Derivation of the PXP Circuit from
the Time-Dependent Ising Model
In this Appendix we show how to derive Eq. (6) from
the time-dependent long-range Ising model (4). We con-
sider the Floquet dynamics generated by
U IsingF = e
i T2 Hoddei
T
2 Heven , (D1a)
where
Heven(odd) =
∑
i,j
Vj nini+j + h0
∑
i even(odd)
Xi. (D1b)
Physically, this circuit corresponds to a series of repeated
quenches of the Hamiltonian (4) in which the transverse
field is applied to sites on the even and odd sublat-
tices in an alternating fashion. The corresponding time-
dependent Hamiltonian is given by
H(t) =
∑
i,j
Vj nini+j + h0
[
f(t)
∑
i even
Xi + g(t)
∑
i odd
Xi
]
,
(D2a)
where
f(t) =
sgn(sinωt) + 1
2
, g(t) = 1− f(t) (D2b)
are square pulses and ω = 2pi/T ; this is precisely Eq. (4)
with the square wave drive (5). We claim that, in the
limit V1  h0 and Vj = 0 for j > 1, the dynamics under
this circuit matches that of Eq. (6). Moreover, as shown
in the main text, the qualitative features of this dynamics
survives the experimentally realistic inclusion of longer-
range interactions, such as V2 = V1/2
6.
To see how Eq. (6) emerges from Eq. (D1a), we first
write
H(t) = V1
{
H0 +
(
h0
V1
)
[W (t) +W ′(t)]
}
, (D3a)
where
H0 =
∑
i,j
Vj
V1
nini+j , (D3b)
W (t) = Pfib
[
f(t)
∑
i even
Xi + g(t)
∑
i odd
Xi
]
Pfib, (D3c)
W ′(t) = f(t)
∑
i even
Xi + g(t)
∑
i odd
Xi −W (t), (D3d)
with Pfib = 12
∏
i(1 − nini+1) the projector onto the Fi-
bonacci Hilbert space. This decomposition is such that
W (t) is block-diagonal in the Fibonacci Hilbert space and
W ′(t) is block-off-diagonal. Next, we perform degenerate
perturbation theory within the Fibonacci Hilbert space
based on a time-dependent Schrieffer-Wolff transforma-
tion generated by an anti-Hermitian operator S(t):
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Heff(t) = e
S(t)[H(t)− i∂t]e−S(t) (D4a)
= V1H0 + h0 [W (t) +W
′(t)] + V1[S(t), H0] + h[S(t),W (t)] + h0[S(t),W ′(t)] +
1
2
V1[S(t), [S(t), H0]] + . . .
(D4b)
+ iS˙(t) + i[S(t), S˙(t)] + i
1
2
[S(t), [S(t), S˙(t)] + . . . , (D4c)
where S˙(t) ≡ ∂tS(t) and where the last line originates
from the contribution eS(t)(−i∂t)e−S(t), which arises due
to the time-dependence of S(t). Next, we expand S(t) in
powers of h0/V1 as
S(t) =
∞∑
n=1
(
h0
V1
)n
Sn(t) (D5)
and collect terms by their order in h0/V1:
Heff(t) = V1H0 + h0
{
W (t) +W ′(t) + [S1(t), H0] + i
1
V1
S˙1(t)
}
(D6a)
+
h20
V1
{
[S2(t), H0] + [S1(t),W (t)] + [S1(t),W
′(t)] +
1
2
[S1(t), [S1(t), H0]] + i
1
V1
S˙2(t) + i
1
V1
[S1(t), S˙1(t)]
}
+ . . .
(D6b)
≡ V1
∞∑
n=0
(
h0
V1
)n
Hn. (D6c)
The task is to choose Sn(t) at each order such that
[Hn,Pfib] = 0 (note that this is automatically true of
H0). To do this at leading order in h, we require
W ′(t) + [S1(t), H0] + i
1
V1
S˙1(t) = 0. (D7)
To solve this equation, we recall that W ′(t) is a periodic
function of t with period T = 2pi/ω. This motivates the
introduction of the Fourier decomposition of an operator
O(t),
O(t) =
∞∑
m=−∞
O(m) e−imωt (D8a)
O(m) = 1
T
∫ T
0
dt eimωtO(t), (D8b)
which we substitute into the above to obtain the equa-
tions
W ′ (m) + [S(m)1 , H0] +
mω
V1
S
(m)
1 = 0 (D9)
for each m. Next we write the above equation in the
eigenbasis of H0, V1H0 |σ〉 = Eσ |σ〉, and solve for the
matrix elements of S
(m)
1 :
〈σ|S(m)1 |σ′〉 = V1
〈σ|W ′ (m) |σ′〉
Eσ − Eσ′ −mω . (D10)
Note that we must require Eσ −Eσ′ 6= mω for any m in
order for this solution to be well defined; in practice this
requirement is not very restrictive.
We have thus shown that, to leading order in an ex-
pansion in h0/V1,
Heff(t) ≈ V1H0 + h0
[
f(t)
∑
i even
(PXP )i + g(t)
∑
i odd
(PXP )i
]
+ . . . , (D11)
which corresponds to a Floquet operator
UF ≈ e−i
h0T
2
[
V1
h0
H0+
∑
j odd(PXP )j
]
e
−ih0T2
[
V1
h0
H0+
∑
j even(PXP )j
]
. (D12)
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Thus we see that, if H0 consisted solely of nearest-
neighbor interactions (i.e. Vn≥2 = 0), the Floquet unitary
UF corresponding to Heff(t) would be precisely Eq. (6)
with θ = h0T/2. (Note that in this case H0 vanishes
when acting on any state in the Fibonacci subspace.)
In the realistic scenario where Vn ∼ V1/n6, UF con-
tains corrections to the underlying automaton dynam-
ics even at leading order in h0/V1 due to the further-
neighbor couplings. However, our numerical results indi-
cate that these corrections do not preclude the ability to
observe features of the underlying automaton dynamics
at θ = pi/2.
Appendix E: Family of CAs from Further-Neighbor
Blockade
Appendix D demonstrates how the PXP circuit (6)
emerges from the driven long-range Ising model (4) in
the limit V1  h0  Vr≥2. The reduction of the long-
range Ising model (4) to a model of the form (D11) that
commutes with the projector Pfib is referred to in the
AMO literature as “Rydberg blockade,” [50]. In this
regime, excited Rydberg atoms (“up” spins) carry an ex-
cluded volume of radius r = 1 site due to strong nearest-
neighbor interactions. However, it is well known that the
“blockade radius” r can be increased by allowing large
further-neighbor couplings. In this Appendix we show
how this mechanism can be used to generate a family of
automaton dynamics that generalizes the PXP automa-
ton discussed in the main text.
The rth-neighbor blockade regime is defined by the hi-
erarchy of scales V1 > . . . > Vr  h0  Vr+1 > . . . ,
which is ultimately controlled by V1 in the case of van
der Waals interactions [25]. This assigns a large energetic
penalty not just to nearest-neighbor pairs of excited Ry-
dberg atoms, but to further-neighbor pairs as well. This
induces a blockaded subspace of the full Hilbert space
that generalizes the Fibonacci subspace and is defined
by the projector
Pr = 1
2r
r∏
q=1
∏
j
(1− nini+q) (E1)
(note that P1 = Pfib). The quantum dynamics generated
by the time-dependent long-range Ising model (4) can
be projected into this blockaded subspace by a direct
generalization of the calculation in Appendix D in which
Pfib is replaced by Pr. The result is a generalization of
Eq. (6) in which the operator (PXP )j is replaced by
(P rXP r)j =
(
r∏
q=1
Pj−q
)
Xj
(
r∏
s=1
Pj+s
)
. (E2)
Tuning the angle θ = h0T/2 to ±pi/2 mod 2pi then yields
a classical automaton in which the gate Toffolij(φ) is re-
FIG. S5. Finite-size and - scaling of the vacuum orbit weight
(top) and the half-chain entanglement entropy (bottom) for
the entanglement outlier closest to quasienergy ε = −2pi/3 in
the PXP automaton with PBC.
placed by the gate
C2rNOTj(φ) = 1−
(
r∏
q=1
Pj−qPj+q
)
+ eiφ(P rXP r)j .
(E3)
In other words, as the blockade radius r increases, the
number of control qubits in the classical update rule
grows.
Appendix F: Scaling of the Vacuum Orbit Weight
and Entanglement Entropy
The low-entanglement eigenstates of the perturbed
PXP circuit visible in Fig. 3 in the main text are pre-
cisely those with the highest weight on the orbit of the
vacuum state |Ω〉, quantified by the projection operator
Pvac =
∑2
k=0 U
k
aut |Ω〉 〈Ω| (U†aut)k. The expectation value
of Pvac for the entanglement outlier closest to ε = −2pi/3
is plotted as a function of  and L in the top panel
of Fig. S5. Points on the red curve for L = 20, 22, 24
correspond to the highlighted entanglement outliers in
Fig. 3(a) in the main text, demonstrating their anoma-
lously large weight (& 0.9) on the vacuum orbit. For
comparison, a random state in the zero-momentum sec-
tor has exponentially small weight ∼ 3/(ϕL/L) (where
ϕ ≈ 1.618 is the golden ratio) on the same orbit (gray
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curve). At small , the vacuum orbit weight fits well to
an exponential form ∼ (1 + )−L, corresponding to an
exponential enhancement compared to the random case.
As  increases, a crossover to random-state scaling occurs
that is likely driven by many-body resonances. The effect
of such a resonance is seen on the  = 0.1 curve, where an
outlier appears at L = 18. We have verified that there is
another eigenstate very close in quasienergy to this out-
lier with almost the same orbit weight, suggesting that a
resonance is the underlying cause. Such resonances also
appear in studies of QMBS in the PXP model [28, 31],
and are believed to underlie their disappearance in the
thermodynamic limit [44].
The bottom panel of Fig. S5 plots the half-chain en-
tanglement entropy of the same low-entanglement eigen-
states as a function of L and . SA exhibits clear volume-
law scaling with L, albeit with a small slope of order  for
sufficiently small . This is consistent with the data in
the top panel of Fig. S5: the eigenstate in question has
a concentration of weight in the vacuum-orbit Hilbert
space, and the part of its weight residing outside this
subspace is essentially random. Since only the part of
the state in the complement of the vacuum subspace can
contribute to volume-law entanglement, the volume-law
slope is limited by the effective dimension of the resulting
Hilbert space, which grows like (1 + )L for small , as
suggested by the top panel of Fig. S5. This leads to a
rough estimate SA ∼ L ln(1 + ) ≈ L, consistent with
the numerical data.
The above finite-size and small- scaling analysis sug-
gests that these eigenstates ultimately become indistin-
guishable to numerical precision from typical eigenstates
at sufficiently large system sizes, as is likely the case
for the approximately scarred eigenstates of the PXP
model [30, 44]. However, the deviations of these eigen-
states’ properties from ETH predictions are substantial
even for relatively large but finite system sizes—for exam-
ple, if the scaling predictions of Fig. S5 hold for  = 0.01,
L ∼ 250 is required to drive the eigenstate weight on the
vacuum sector below 10%, which is still many orders of
magnitude larger than the prediction for a random state.
